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Revision



Expected Values of Functions
Elg(X)] =) g(z)p(x)

Elg(X,Y)] =) g(z,y)p(z,y)

For example: X, Y are independent random variables:

E[X -Y] = E[¢(X,Y)] Let g(X,Y) =X -V
— Zg(xvy) -p(x,y)

=Y ay-pl)p(y)
= S (o) uply) = EIX) - EY)



Fin de la revision



Tell your friends!

= Per capita consumption of cheese (US)

= Number of people who died by becoming tangled in their bedsheets
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2000 2001 2002 2003 2004 2005 2006 2007 2008 2009

Percap'taw"s"mptw"';,f;ggg:jg;gjg 29. 8 30.1 30 5 30 6 31 3 31 7 32. 6 33.1 32 7 32. 8

Number of people who died by becoming tangled in therr

bedsheets 327 456 509 497 596 573 661 741 809 717
Deaths (US) (CDC) ' * ~ - - : . . : i



Recall our Ebola Bats




Bat Data

Genel Gene2 Gene3 Gened Geneb Trait
TRUE FALSE TRUE TRUE FALSE FALSE
FALSE FALSE TRUE TRUE TRUE TRUE
TRUE FALSE TRUE FALSE FALSE FALSE
TRUE FALSE TRUE TRUE TRUE FALSE
FALSE TRUE TRUE TRUE TRUE TRUE
FALSE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE TRUE FALSE FALSE FALSE
FALSE TRUE FALSE TRUE FALSE FALSE
TRUE TRUE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE TRUE TRUE TRUE FALSE
FALSE FALSE TRUE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE




Expression Amount

Genel Gene2 Gene3 Gene4 Gene5 Trait
0.71 0.29 0.89 0.82 0.76 0.83
0.17 0.02 0.89 0.02 0.94 0.85
0.01 0.63 0.76 0.38 0.82 0.03
0.19 0.95 0.63 0.89 0.94 0.32
0.46 0.96 0.36 0.12 0.50 0.10
0.48 0.51 0.45 0.16 0.40 0.53
0.20 0.77 0.27 0.23 0.90 0.67
0.49 0.24 0.77 0.37 0.29 0.71
0.59 0.95 0.38 0.42 0.72 0.25
0.43 0.66 0.57 0.03 0.15 0.24
0.32 0.42 0.25 0.12 0.79 0.98
0.77 0.31 0.66 0.78 0.68 0.77
0.46 0.59 0.38 0.99 0.71 0.37
0.97 0.66 0.05 0.99 0.36 0.18
0.50 0.66 0.35 0.41 0.62 0.08
0.70 0.85 0.98 0.29 0.59 0.38
0.78 0.09 0.69 0.41 0.82 0.76




La baila de la Covariance



Spot The Difference




. ¢ 0 4
:‘ :"..V." 0“ 0:,
o St e
"o:‘o’ £ J:.’,
o T 2o 2

Spot The Difference




>
>
-
S
d6 o o
o
o




Vary Together




Vary Together




Vary Together
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The Dance of the Covariance

- Say X and Y are arbitrary random variables

. Covariance of X and Y:

Cov(X,Y)=E[(X-E[X])(Y —-E[Y])]

. y (x — E[X])(y — E[YDp(x.y)
Above Above Positive
mean mean
Bellow Bellow Positive
mean mean
Bellow Above Negative
mean mean
Above Bellow Negative
mean mean



The Dance of the Covariance

- Say X and Y are arbitrary random variables

. Covariance of X and Y:

Cov(X,Y)=E[(X —-E[X]DY —-E[Y])]
- Equivalently:
Cov(X,Y)=E[XY —E[X]Y - XE[Y]+ E[Y]E[X]]
= E[XY|-E[X]E[Y]|-E[X]E][Y]+ E[X]E[Y]
= E[ XY |- E[X]E]Y]
« Xand Y independent, E[XY] = E[X]E[Y] =2 Cov(X,Y) =0
» But Cov(X,Y) =0 does not imply X and Y independent!




Covariance and Data

- Consider the following data:
Weight Height Weight * Height

64 57 3648
71 59 4189 65

53 49 2597 60

67 62 4154 5 55

55 51 2805 * 50

58 50 2900 T

77 55 4235 40

57 48 2736 35

56 42 2352 30

51 42 2142 40 45 50 55 60 65 70 75 80
76 61 4636 Weight

68 57 3876 COV(W, H) — E[W*H] . E[W]E[H]

E[W] E[H] E[W*H] = 3355.83 — (6275)(5275)

= 62.75 =52.75 = 3355.83 =45.77



Covariance

Socrative: (a) positive, (b) negative, (c) zero
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Covariance

Socrative: (a) positive, (b) negative, (c) zero
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Independence and Covariance

- XandY are random variables with PMF:

X
Y

-1

0

1

py(¥)

0
1

1/3
0

0
1/3

1/3
0

1If X#0

2/3 ¥ — 0
1/3 1 otherwise

Py (%)

1/3

1/3

1/3

1

. E[X]=-1(1/3) + 0(1/3) + 1(1/3) = 0
. E[Y]=0(2/3)+ 1(1/3) = 1/3

. Since XY =0, E[XY] =0

. Cov(X, Y)=E[XY]-E[X]E[Y]=0-0=0
- But, Xand Y are clearly dependent!



Properties of Covariance

- Say X and Y are arbitrary random variables

= Cov(X,Y)=Cov(Y,X)
» Cov(X,X)=E[X’]-E[X]E[X]= Var(X)
= Cov(aX +b,Y)=aCov(X,Y)

. Covariance of sums of random variables

= X, Xy, .., X, and Yy, Y, ..., Y, are random variables



A

. E[l,

Do Indicators Covary?

and /; be indicators for events A and B
_{1 if A occurs ; {1 if B occurs

B

0 otherwise 0 otherwise

1=P(A), El;]=P(B), E[LJ]=P(AB)

= Cov(l,, Ip) = E[1] — E[1,] E[I3]

« Cov(/, 1) determined by P

. P(A
. P(A
. P(A

= P(AB) — P(A)P(B)
=P(A|B)P(B) - P(A)P(B)
= P(B)[P(A]|B)-PA)]

| B) - P(A)

B)=P(A) = p(l, ]

(A
B)>P(A) = pll, Ip)>
5)
B)<P(A) = pll I)

<0

(and Cov(/,, 1) =

0)



Example of Covariance

.- Consider rolling a 6-sided die
« Let indicator variable X =1 ifrollis 1, 2, 3, 0or4
= Let indicator variable Y =1 ifrollis 3, 4, 5, or 6
- Whatis Cov(X, Y)?
- E[X]=2/3 and EJ[Y]=2/3
. E[XY] Zny p(x, )
(O O) +(0*1/3)+(0*1/3)+(1*1/3)=1/3
= Cov(X,Y) = E[XY]-E[X]E[Y]=1/3-4/9 =-1/9
« Consider: P(X=1)=2/3 and P(X=1|Y=1)=1/2
o Observing Y =1 makes X = 1 /less likely



Correlation



What is Wrong With This?

- Consider the following data:
Weight Height Weight * Height

64 57 3648
71 59 4189 65 N
53 49 2597 60 . .

67 62 4154 o > . /A
55 51 2805 > >0 VAR 5

58 50 2900 T 4 e «

77 55 4235 40 —

57 48 2736 35

56 42 2352 30 |

51 42 2142 40 45 50 55 60 65 70 75 80
76 61 4636 Weight

68 37 3876 Cov(W, H) = E[W*H] — E[W]E[H]

E[W]  E[H] E[W*H] — (62.75)(52.75)
= 62.75 =52.75 = 3355.83



Viva La Correlation

Say X and Y are arbitrary random variables

= Correlation of X and Y, denoted p(X, Y):
H(X.Y) = Cov(X,Y)

\/ Var(X)Var(Y)

= Note: -1 <p(X,Y) <1

« Correlation measures linearity between X and Y

» p(X,Y)=1 = Y =aX+b where a =c,/c,

- pX,Y)=-1 = Y=aX+b wherea=-c/o,

 p(X,Y)=0 = absence of linear relationship
o But, Xand Y can still be related in some other way!

« If p(X,Y) =0, wesay Xand Y are “uncorrelated”
- Note: Independence implies uncorrelated, but not vice versal




Viva La Correlation

1010 students in the UK gave their preferences on everything

from music genres to interests

immigrant follore, spirituals,

Lead Bely, Odecta, Woody Gutheie, Pete Seeger,
Bob Dylan, Joan Baez

The Places:

Appalachia, Deep South, Western frontier

The Ensemble:

, accordion, vocaly

Cefia Craz, Johnny Pacheco
Rhythm & blues, soul, (\

Cuba, Puerte Rico, Masico,
Miami, New York
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The Scund:
Unpredictable, vely, soulful, evoiving

The Roots:

Bloes, ragtime, swing

The Ploneers:

Louls Armstrong, Miles Davis,
Chartie Parker, Duke Elliegten,
Count Basle, Dizzy Gillesple

The Places:

New Orleans, Chicago, New York City

Sax, trumpet, trombone, plans, bass

Mississippi Delta, Memphis, Chicago



Classical music
Opera

Musical

Latino

Pop

Dance
Techno/Trance
Hiphop/Rap
Reggae/Ska
Swing/Jazz
Rock n roll
Rock

fletal or Hardrock
Punk
Alternative

Folk

Country

Music

Classical music

Opera

Musical

Latino

Pop

Dance

1 Techno/Trance

Hiphop/Rap

1 Reggae/Ska

1 Swing/Jazz

1 Rock n roll

1 Rock

1 Metal or Hardrock

1 Punk

1 Alternative

1 Folk

1Country

1 Music

0.5

10.4

10.3

10.2

10.1




Rock Music Vs Qil?

Rock Music Quality vs. US Oil Production
3,500,000 35

= Songs in "Rolling Stone 500
Greatest Songs of All Time"

30
~4-US Crude Oil Field Production,
S Lower 48 States (1,000 barrels) 25
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Hubbert Peak Theory

http://www.aei.org/publication/blog/



Divorce Vs Butier?

Divorce rate Per capita
in Maine per g - consumption of
1,000 people Correlation: 99% margarine (Ibs)
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Source: US Census, USDA, tylervigen.com SPL

http://www.bbc.com/news/magazine-27537142



If we have time



Covariance and the Multinomial

. Computing Cov(X, Xj)

= Indicator /.(k) = 1 if trial k has outcome /, O otherwise

ELL(01=p, X, =10 X, =Y1,0

. Cov(X,,X,)= Zn:i&w([i (b),1,(a))

a=1 b=l

» When a = b, trial @ and b independent: Cov(/,(b),1,(a)) =0

- When a = b: Cov(/,(b),1,(a)) = E[I,(a)] ,(a)] - E[1,()]E[ ,(a)]

= Since trial a cannot have outcome / and j: E[/,(a)I;(a)] =0
Cov(X,. X)) = Y. Cov(l,(b).1,(a)) = Y. (~EL1,(a)IELI (@)

a=b=1 a=1

= Z(—pipj) =—np;p; = X;and X; negatively correlated
a=1



Multinomials All Around

Multinomial distributions:

« Count of strings hashed into buckets in hash table

« Number of server requests across machines in cluster
« Distribution of words/tokens in an email

« Eftc.

- When m (# outcomes) is large, p; is small
= For equally likely outcomes: p; = 1/m

COV(Xian) = —hp,p; = _%

m

- Large m = X;and X; very mildly negatively correlated
» Poisson paradigm applicable



Que te vayas bien



